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We show that reflection symmetry has a strong influence on quantum transport properties. Using
a random S-matrix theory approach, we derive the weak-localization correction, the magnitude of
the conductance fluctuations, and the distribution of the conductance for three classes of reflection
symmetry relevant for experimental ballistic microstructures. The S-matrix ensembles used fall
within the general classification scheme introduced by Dyson, but because the conductance couples
blocks of the S-matrix of different parity, the resulting conductance properties are highly non-trivial.
PACS numbers: 72.20.My, 05.45.+b, 72.15.Gd
The effect of symmetry on the quantum corrections
to the conductance is one of the main themes of meso-
scopic physics. Perhaps most familiar is the suppression
of the average quantum conductance at zero magnetic
field because of time-reversal symmetry, an effect known
as weak-localization. Previous work has concentrated on
the effects of time-reversal and spin-rotational invariance
on transport through disordered conductors [1].
The advent of clean microstructures, in which trans-
port is largely ballistic [1,2,3], opens the possibility of
studying different spatial reflection symmetries. In these
structures the electrons move in a potential largely de-
termined by lithography, and structures of definite re-
flection symmetry, as well as of adjustable symmetry, are
possible. Alternatively, reflection symmetric scattering
systems could be probed in microwave cavities [4]. Our
goal here is to determine how such reflection symmetries
affect the interference contribution to transport.
Because conductance is related to scattering from the
system, the symmetry classes for quantum transport are
closely related to those for the scattering matrix S. It
has been shown [5,6,7,8] that ensembles in which S is dis-
tributed with an “equal-a-priori probability” across the
available matrix space provide a good description of the
statistical properties of quantum transport when (1) the
classical dynamics is chaotic, (2) direct processes through
the system are ruled out, and (3) there are no spatial
symmetries. The symmetry classes for such S-matrices
were introduced by Dyson [9,10].
In Dyson’s scheme there are three basic symmetry
classes. In the absence of any symmetries, the only re-
striction on S is unitarity due to flux conservation: this
is the unitary case, denoted β = 2. In the orthogonal
case (β=1), S is symmetric because one has either time-
reversal symmetry and integral spin or time-reversal sym-
metry, half-integral spin and rotational symmetry. In the
symplectic case (β= 4), S is self-dual because of time-
reversal symmetry with half-integral spin and no rota-
tional symmetry. The intuitive idea of “equal a priori
probability” is expressed mathematically by the measure
on the matrix space which is invariant under the symme-
try operations for the class in question. This notion of
invariant measure gives rise to the circular orthogonal,
unitary and symplectic ensembles (COE, CUE, CSE).
In the presence of additional symmetries, for fixed val-
ues for all quantum numbers of the full symmetry group,
the invariant ensemble is one of the three circular ensem-
bles [9]. Thus for reflection symmetries, S is block diago-
nal in a basis of definite parity with respect to reflection,
with a circular ensemble in each block. This is the natural
representation for the eigenvalues of S, and the statistics
of eigenvalues for such independent superpositions have
been studied previously [9,10]. However, the conductance
of a system is not an eigenvalue property: it depends on
the properties of the scattering wave-functions, and those
appropriate for the conductance are not necessarily of
definite reflection parity. Hence the conductance may
couple the different parity-diagonal blocks of S, and the
resulting quantum transport properties are a non-trivial
generalization of the circular ensemble results.
In this paper we investigate the effects of three classes
of reflection symmetry on the quantum scattering proper-
ties of classically chaotic systems [11]. We consider two-
dimensional systems with spinless particles and rule out
any direct processes. The three classes are (1) Up-down
(UD)— reflection through an axis parallel to the current,
(2) Left-right (LR)— reflection through an axis perpen-
dicular to the current, and (3) Four-fold (4F)— the com-
bination of up-down and left-right. The resulting statisti-
cal distribution of the transmission T through the system
is calculated. The predictions compare favorably with
numerical calculations in which the Schro¨dinger equation
is solved for a number of structures.
Structure of the S-matrix— Consider (spinless) single-
electron scattering by a ballistic quantum dot connected
to the outside by two leads, each supporting N propagat-
ing modes. The 2N -dimensional S matrix, which relates
the incoming amplitudes from the left and right {aL,R}
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TABLE I. The structure of the S matrix for up-down (UD),
left-right (LR), and four-fold (4F) reflection symmetry.
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]
; S =
[
r t′
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]
, (1)
where r, r′ are the N×N reflection matrices for incidence
from each lead and t, t′ the corresponding transmission
matrices. The conductance is given in terms of the trans-
mission coefficient T=tr[tt†] by G=(e2/h)T [1].
The reflection symmetries indicated above impose re-
strictions on S: the resulting structure, both in the ab-
sence and in the presence of a magnetic field B, is pre-
sented in Table I, which we now discuss.
First, for B= 0, the wave functions in the leads are
exp(iknx)χn(y) where the channel wave functions χn(y)
vanish at the walls of the leads. For UD symmetry, S
contains two disconnected symmetric S matrices, for the
even (e) and odd (o) parity channels, respectively. For
LR, changing x→ −x in the wave function gives a solu-
tion for the same energy: consistency with Eq. (1) and
S=ST (from time-reversal invariance) gives the structure
shown. By transforming to states of definite parity, S in
the LR case becomes block diagonal with the matrices
S± ≡ r ± t on the diagonal; hence S is fundamentally a
superposition of two symmetric S matrices as for UD. A
similar procedure is used to analyze 4F symmetry.
Second, for a uniform B in the z-direction, the
Schro¨dinger equation in the Landau gauge is[
1
2m
(
px −
e
c
By
)2
+
p2y
2m
+ V
]
ψ = Eψ . (2)
General consequences of the spatial symmetry of V (x, y)
now follow. For UD symmetry, V (x, y)= V (x,−y), so
that ψ∗(x,−y) satisfies Eq. (2). We thus have the antiu-
nitary symmetry Rxϑ, where Rx is the reflection operator
TABLE II. The invariant measure for the S matrix for
three reflection symmetry classes. dµ(1) is the COE measure.
B = 0 B 6= 0
UD dµ(1)(Se)dµ
(1)(So) dµ
(1)(S)
LR dµ̂(1)(S) ≡ dµ(1)(S+)dµ(1)(S−) dµ(1)(S)
4F dµ̂(1)(Se)dµ̂
(1)(So) dµ̂
(1)(S)
with respect to the x axis and ϑ is the time-reversal oper-
ator. For LR, V (x, y)=V (−x, y), ψ∗(−x, y) satisfies Eq.
(2), and we have the antiunitary symmetry Ryϑ, with
Ry the reflection operator with respect to the y axis. For
4F, both Rxϑ and Ryϑ are relevant. We now consider a
scattering problem in which the basic wave functions in
the leads are exp(iknx)χnk(y). For UD symmetry, appli-
cation of Rxϑ leads to S= S
T [12]. For LR, Ryϑ gives
(ΣxS)= (ΣxS)
T , where Σx=
[
0N 1N
1N 0N
]
and 0N and 1N
are the N × N zero and unit matrices, respectively. Fi-
nally, for 4F one finds S= ST and (ΣxS)= (ΣxS)
T , so
that S has the same structure as for LR at B=0. These
results lead to the structure of S shown in Table I.
Invariant measure— The invariant measure is most
easily written down in a basis of definite parity with re-
spect to all symmetry operators. In this case, it is sim-
ply a product of circular ensemble measures dµ(β)(S) for
each block of S; results are presented in Table II. Thus
for B= 0, the invariant measure for both UD and LR
symmetry is a product of two COE. For B 6=0, because
of the single antiunitary symmetry present for both UD
and LR, the ensemble is a single COE. For LR note that
the roles of r and t are reversed from the usual case.
Statistical properties of T— Once the invariant mea-
sure is known, the statistical properties of the trans-
mission are found by integrating over the measure, for
instance 〈T 〉=
∫
Tdµ(S). Such averages can be calcu-
lated explicitly using known properties of unitary and
orthogonal matrices [7,8,13]. In Tables III, IV and V
we present results for the weak-localization correction
(WLC) 〈T 〉−N/2, the variance of T , and the probability
density w(T ). We now discuss these results.
For UD symmetry, the independent even and odd chan-
nels at B= 0 imply that the average and variance of T
are simply the sum of the COE results for each parity
class while the distribution is the convolution. For B 6=0,
one obtains the usual COE results.
For LR symmetry, at B = 0 one has both coherent
back-scattering and coherent forward-scattering (t= tT ),
so that the WLC is identically zero. When B 6= 0, the
coherent back-scattering is destroyed but the coherent
forward-scattering remains because of the Ryϑ symme-
try. Thus the average transmission is larger than the
classical value N/2, an unusual result for spinless par-
ticles. In the probability density w(T ) for N = 1, the
coherent forward scattering produces a square-root sin-
gularity at T= 1; thus for B= 0, w(T ) has singularities
2
TABLE III. The weak-localization correction 〈T 〉−N/2 for
three classes of reflection symmetry. Note that this quantity
is positive for LR symmetry in a magnetic field while the
magnetoconductance is zero for 4F symmetry.
B = 0 B 6= 0
UD −∑
i=e,o
Ni/(4Ni + 2) −N/(4N + 2)
LR 0 N/(4N + 2)
4F 0 0
TABLE IV. var T for three classes of reflection symmetry.
Greater symmetry produces larger fluctuations.
B = 0 B 6= 0
UD
∑
i=e,o
Ni(Ni+1)
2
(2Ni+1)
2(2Ni+3)
N(N+1)2
(2N+1)2(2N+3)
LR N/(4N + 4) N(N+1)
2
(2N+1)2(2N+3)
4F
∑
i=e,o
Ni/(4Ni + 4) N/(4N + 4)
at both T= 0 and T= 1. For N= 2 and B= 0, note the
logarithmic singularity in w(T ) at T=1.
For 4F symmetry, there is sufficient symmetry so
that both coherent back-scattering and coherent forward-
scattering exist at B 6= 0. Thus the WLC is identically
zero at both B=0 and B 6=0, and so the average magne-
toconductance is zero. Finally, notice the large variance
in this case: varT→1/2 as N→∞ for B=0.
Numerical calculations— The above predictions are
compared, in Figs. 1 to 3, with calculations in which the
Schro¨dinger equation is solved for several billiards using
the methods of Ref. [14]. Typical billiards are sketched
in the figures: reflection symmetric structures are gen-
erated from an asymmetric structure by simply apply-
ing the symmetry operators. Note that stoppers block
both the direct transmission and the whispering gallery
trajectories [7,15,16]. The theoretical ensemble averages
are compared with numerical energy averages using 100
energies for each N spaced further than the correlation
length. To improve statistics, an additional average was
taken over six similar structures differing in the location
B = 0 B 6= 0
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1/
√
4T{
pi/4 ,
1
2
sin−1 2−T
T
1/
√
4T{
3T/2
3
2
(T − 2√T − 1)
LR
1/
√
pi2T (1− T )
1
pi
ln
1+
√
T (2−T )
|1−T |
1/
√
4(1− T ){
3
2
(2− T − 2√1− T )
3
2
(2− T )
4F
1/
√
pi2T (1− T )
2
pi2
K(
√
T (2− T ))
1/
√
pi2T (1− T )
1
pi
ln
1+
√
T (2−T )
|1−T |
TABLE V. Probability distribution w(T ) for three classes
of reflection symmetry. N=1 (2) in the upper (lower) half of
each entry. For N=2 the braces contain results for 0<T <1
on the upper line and for 1<T < 2 on the lower one. (K is
the complete elliptic integral.)
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FIG. 1. The weak-localization correction for B 6= 0 as a
function of the number of modes in the lead: asymmetric (dot-
ted, triangles), up-down (dot-dashed, circles), and left-right
(dashed, squares) structures. Lines are theoretical results
from Table III (and Ref. [7] for the asymmetric case); symbols
with statistical error bars are numerical results averaged over
BA/φ0= 2, 4. Typical cavities are shown on the side. The
presence of symmetry has a strong effect and can produce
either a positive or negative correction.
of the stoppers. The classical transmission probability is
within 0.005 of 0.5 for all structures.
Fig. 1 shows the weak-localization correction (WLC)
as a function of N for B 6=0. The effect of symmetry is
striking: the WLC is zero in the absence of symmetry,
negative for UD symmetry, and positive for LR. As noted
above, 〈T 〉 is larger than the classical transmission (N/2)
in the LR case (coherent forward-scattering).
Fig. 2 shows the magnetic field dependence of varT .
Applying a field causes a crossover between symmetry
classes. While the present model does not describe this
cross-over, our random matrix theory does predict the
limits B= 0 and BA/φ0 >∼ 2 (as long as 〈S〉 ≈ 0— for
much larger fluxes this no longer holds and we enter a dif-
ferent regime [15,16]). Notice that the magnitude of the
BA/φ0
va
r( 
T )
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0.4
N=4
FIG. 2. Variance of the transmission for N=4 as a function
of magnetic field: asymmetric (dotted, triangles), left-right
(dashed, squares), and four-fold (dot-dashed, circles) struc-
tures. Lines and solid symbols are theoretical results (Table
IV and Ref. [7]); open symbols with statistical error bars are
numerical results. The magnitude of the conductance fluctu-
ations increases as the degree of symmetry increases.
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conductance fluctuations increases considerably as one
moves from asymmetric to LR to 4F structures.
The agreement between theory and numerics is very
good in both Figs. 1 and 2. In fact, we find that the
agreement for varT is already good for individual struc-
tures. This is good evidence that varT is a truely univer-
sal quantity for spatially symmetric quantum billiards, as
long as the classical dynamics is strongly chaotic and di-
rect processes are absent. We cannot say the same for
the WLC. While the agreement is good once we aver-
age over six structures, we have found a non-negligible
sample to sample variation. Thus the WLC is of a less
universal character than the variance and may need, for
its description, further sample-specific information.
Fig. 3 shows w(T ) for the LR case with N = 1, 2.
These distributions are very different from those for the
asymmetric case [7,8]. There are a number of striking
features: (a) for B=0, N=1, the distribution has maxima
at T=0 and 1; (b) for B 6=0, N=1, the maximum is at
T= 1; (c) for N= 2, the data near T= 1 are consistent
with the theoretical logarithmic singularity for B=0 and
the square-root singularity for B 6=0.
Summary— We have shown, first, that reflection sym-
metry has a large effect on the quantum transport prop-
erties of classically chaotic billiards and, second, that the
extended circular ensemble random matrix theory de-
scribes these structures well. Because the conductance
may couple the different parity-diagonal blocks of S, the
quantum transport properties are not a simple superposi-
tion of circular ensemble properties. This work indicates
that the full statistical distribution of the conductance
w
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FIG. 3. The probability density of the transmission for
left-right symmetry: for N= 1, 2 and both B= 0 and B 6= 0.
The dashed lines are random-matrix theory results from Table
V; the triangles are numerical results.
is the same (“universal”), with some reservations for its
centroid, for systems that (a) have the same spatial sym-
metry, (b) show hard chaos classically, and (c) lack di-
rect processes. Experiments observing spatial symmetry
effects should be possible in both microwave cavities and
mesoscopic systems. The effect of the unavoidable devia-
tions from perfect symmetry can be estimated semiclas-
sically along the lines of Ref. [17], and the results suggest
that the best current material [2,3] is sufficiently clean.
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